Abstract. We investigate the distribution of orbits of a non-elementary discrete hyperbolic subgroup Γ acting on H n and its geometric boundary ∂∞(H n ). In particular, we show that if Γ admits a finite Bowen-Margulis-Sullivan measure (for instance, if Γ is geometrically finite), then every Γ-orbit in ∂∞(H n ) is equidistributed with respect to the Patterson-Sullivan measure supported on the limit set Λ(Γ). The appendix by Maucourant is the extension of a part of his thesis where he obtains the same result as a simple application of Roblin's theorem.
Introduction
Let G be the group of orientation preserving isometries of the hyperbolic space H n and Γ < G a torsion-free non-elementary (=not virtually abelian) discrete subgroup. The action of Γ extends to H n := H n ∪ ∂ ∞ (H n ) where ∂ ∞ (H n ) denotes the geometric boundary of H n , and we define the limit set Λ(Γ) as the set of accumulation points of a Γ-orbit in H n .
If we denote by δ Γ the critical exponent of Γ, then there exists a Γ-invariant conformal density {ν x : x ∈ H n } of dimension δ Γ on Λ(Γ) by Patterson [14] for n = 2 and Sullivan [19] for n general. We consider the Bowen-Margulis-Sullivan measure m BMS Γ on the unit tangent bundle T 1 (Γ\H n ) associated to the density {ν x } (Def. 2.1). When the total mass |m BMS Γ | finite, the geodesic flow is ergodic on T 1 (Γ\H n ) [19] . For a subset Ω ⊂ ∂ ∞ (H n ) and x ∈ H n , we denote by S x (Ω) ⊂ H n the set of all points lying in geodesics emanating from x toward Ω, and by B T (x) ⊂ H n the hyperbolic ball of radius T centered at x.
Our main theorem is the following: Theorem 1.1. Suppose that the total mass |m BMS Γ | is finite. Let Ω 1 and Ω 2 be Borel subsets of ∂ ∞ (H n ) whose boundaries are of zero Patterson-Sullivan measure. Then, for any x, y ∈ H n and ξ ∈ ∂ ∞ (H n ), as T → ∞,
x y γ y If Γ is geometrically finite, that is, if the unit neighborhood of the convex core 1 C Γ has finite volume, then |m BMS Γ | < ∞ [20] . However the above theorem is not restricted only to those groups as there are geometrically infinite groups with |m BMS Γ | < ∞ (see [15] ). We remark that the assumption of |m BMS Γ | < ∞ implies that the conformal density {ν x } is determined uniquely up to homothety (see [17, Coro.1.8 
]).
When Ω 1 = Ω 2 = ∂ ∞ (H n ), the above counting problem is simply the nonEuclidean lattice point counting problem, and was solved by Lax and Phillips [10] for geometrically finite groups with δ Γ > (n − 1)/2. Theorem 1.1 for Ω 2 = ∂ ∞ (H n ) is due to Roblin [17] . When Γ is a lattice, the same type of orbital counting result for Ω 2 = ∂ ∞ (H n ) was obtained in a much more general setting of Riemannian symmetric spaces (see [11] , [2] , [5] , [6] , etc.). Theorem 1.1 for general Ω 1 , Ω 2 was proved in [7] for all lattices in semisimple Lie groups (see also [9] for the case when Ω 1 = ∂ ∞ (H n )). We highlight Theorem 1.1 for the Möbius transformation action of PSL 2 (C), that is, the action on the extended complex plane C = C ∪ {∞} by
where a, b, c, d ∈ C with ad − bc = 1 and z ∈ C. In the upper half-space model
: r > 0} of the hyperbolic 3-space with the metric d = √ dx 2 +dy 2 +dr 2 r , the Möbius transformations by elements of PSL 2 (C) give rise to all orientation preserving isometries of H 3 .
1 The convex core C Γ ⊂ Γ\H n is defined to be the minimal convex set which contains all geodesics connecting any two points in Λ(Γ).
where j = (0, 0, 1). Hence the following follows from Theorem 1.1: Corollary 1.2. Let Γ < PSL 2 (C) be a non-elementary geometrically finite discrete subgroup. For any Borel subset Ω of C with ν j (∂(Ω)) = 0, we have, as T → ∞,
A similar result holds for the linear fractional transformation action of nonvirtually cyclic and finitely generated subgroups of PSL 2 (R) on R.
After the submission, we were pointed out by the referee that in F. Maucourant's thesis [12] , Theorem 1.1 was already proved in the case when the sector is taken to be the whole ball (i.e., Ω 1 = ∂ ∞ (H n )) and that his approach which elegantly uses a theorem of Roblin [17, Theorem 4.11] can be extended to obtain Theorem 2 of the Appendix. As Maucourant's result is not published, Maucourant agreed to write an appendix on his result.
Our approach is different from his, as we do not rely on the aforementioned theorem of Roblin but on a recent result of Oh and Shah (see Theorem 2.3). In section 2, we obtain the main ergodic theorem which is the equidistribution of solvable flows (Theorem 2.7) which is of independent interest. In section 3, we relate the counting function in Theorem 1.1 with an average over a solvable flow of a certain function on T 1 (Γ\H n ) (Lemma 3.1) and then apply the results in section 2 to conclude Theorem 1.1. Some computations such as Lemma 3.3 are a bit tricky due to the fact that the Burger-Roblin measure m
BR Γ
is not an invariant measure in general.
This approach of establishing the equidistribution of Γ-orbits on the boundary via the study of solvable flows on T 1 (Γ\H n ) was first used in [7] .
Acknowledgment: We thank Thomas Roblin for useful comments.
Equidistribution of solvable flows
For x, y ∈ H n and ξ ∈ ∂ ∞ (H n ), the Busemann function β is defined as follows:
where ξ t is a geodesic ray toward ξ. For a unit tangent vector u ∈ T 1 (H n ), we denote by π(u) the base point of u and by u + (resp. u − ) the forward (resp. backward) endpoint of the geodesic determined by u.
Let Γ be a non-elementary discrete subgroup of G = Isom + (H n ). Let {ν x : x ∈ H n } denote a Patterson-Sullivan density for Γ, i.e., each ν x is a finite measure supported on ∂ ∞ (H n ) satisfying: for any x, y ∈ H n , ξ ∈ ∂ ∞ (H n ) and γ ∈ Γ, [11] , [20] ) is defined as the measure induced on
We denote by {m x : x ∈ H n } a G-invariant conformal density of dimension n−1, which is unique up to homothety. [17] ) is defined as the measure induced on
The measure m BR is supported on the set of unit tangent vectors u such that u − belongs to the limit set Λ Γ .
We fix x ∈ H n and ξ ∈ ∂ ∞ (H n ) in the rest of this section. Let K be the stabilizer of x in G and P denote the stabilizer of ξ ∈ ∂ ∞ (H n ). The subgroup P is a minimal parabolic subgroup of G and is the normalizer of its unipotent radical N . Without loss of generality, we may assume that m x is the probability measure.
Denote by
• N is the expanding horospherical subgroup of G with respect to A + , i.e., N = {g ∈ G : a t ga −t → e as t → ∞}.
The above Cartan decomposition
We may identify G/K with H n where gK corresponds to g(x) and G/M with T 1 (H n ) where gM corresponds to g(X 0 ). Let B 0 be the maximal split solvable subgroup of G given by
For T > 0 and a subset Ω ⊂ K with ΩM = Ω, set
Our aim in this section is to prove an equidistribution of B 0 (T, Ω) on T 1 (Γ\H n ): Theorem 2.7. The following is the main ergodic ingredient we use.
Let Ω be a Borel subset of K with ΩM = Ω and with ν x (∂(Ω(ξ x ))) = 0. For any ϕ ∈ C c (Γ\G)
M ,
By the Iwasawa decomposition G = AN K, the map
is a diffeomorphism, say, ι. Let N − be the contracting horospherical subgroup of G with respect to
which is a diffeomorphism onto its image, which is a Zariski open subset. Let S be the image of {e} × N − under this map. We note that the complement of M \M S in M \K is a point.
Proof. Since e ∈ V s −1 , the conjugation by a t expands V s −1 ⊂ S by the factor of e t , and hence we can find C > 1 such that
By the uniqueness of the decomposition G = B 0 K, we have the desired inclusion.
We denote by dh the Haar measure on G such that for
where dk denotes the probability Haar measure on K.
We denote by ρ the left-invariant Haar measure on B 0 given by the relation:
where h = bk ∈ B 0 K. In the rest of this section, we assume that |m BMS Γ | < ∞. The following lemma is a special case of [16, Prop. 3 
.1]:
Lemma 2.5. Any sphere centered at ξ 0 ∈ Λ(Γ) has measure zero with respect to
Let Ω be a Borel subset of K with ΩM = Ω and with ν x (∂(Ω(ξ x ))) = 0. Then for any ψ ∈ C c (Γ\G),
where
Setting Ξ(t) = 2 n−1 (sinh t cosh t) (n−1)/2 , we have
Set for m ∈ M ,
where S is the image of N − in K. We note that since S ⊂ M \K is an open Zariski dense subset whose complement is a point and ν x is atom free,
By Lemma 2.5, for any fixed > 0, we can take a compact subset
By Lemma 2.4, there exists C > 1 such that for all t > C ,
On the other hand, as a t ∈ B 0 ,
Without loss of generality we assume below that ψ is non-negative. Hence for all t > C ,
Note that by applying Theorem 2.3
where ψ ms (h) := m1∈M ψ(hm 1 ms)dm 1 .
Hence lim inf
As > 0 is arbitrary and Ω m (ξ x ) = Ω(ξ x ), we deduce
Using that Ξ(t) ∼ t e (n−1)t , we obtain that for any ms ∈ M V 0 , as T → ∞,
Now for ms / ∈ M V 0 , we claim that lim sup
Consider the set
As s ∈ M S − M V 0 , we have by the previous case that
Since Ω c ms,t ⊂ Ω m and
the claim follows.
Since the image of S is an open Zariski dense subset of M \K, we may replace K by M S in the integration over K and hence
This completes the proof of Proposition 2.6.
Theorem 2.7.
Let Ω be a Borel subset of K/M with ν x (∂(Ω(ξ x ))) = 0. Then for any ψ ∈ C c (Γ\G), as T → ∞,
Proof. Let V be an -neighborhood of e in K such that V M = V . For any ψ ∈ C c (Γ\G) M and > 0, define functions ψ Let η > 0. By the uniform continuity of ψ and the M -invariance, there exists = (η) such that |ψ
Without loss of generality we may assume ψ ≥ 0. Note that, by applying Proposition 2.6,
As η > 0 is arbitrary, this proves the claim.
Proof of Theorem 1.1
Fix x ∈ H n and ξ ∈ ∂ ∞ (H n ). We keep the same notation from the previous section. Let y ∈ H n and choose g ∈ G such that g(x) = y. For a subset W of G, we denote by W g the conjugate gW g −1 . Note that K g is the stabilizer of y and that B := B g 0 stabilizes g(ξ) = g(X − 0 ).
). We assume that the boundaries ofΩ i have measure zero with respect to the Patterson-Sullivan density.
In this notation, we have
) and hence to γg
where h K g ∈ K g and h B ∈ B are uniquely determined. Hence setting
the number we want to count is the following:
For the -neighborhood A ε = {a t : |t| < } of e in A, by the strong wavefront Lemma (see [8] or [7] ) there exists a symmetric neighborhood O ε of e in G and C > 1 such that for all k ∈ K and all t > C,
Choose a symmetric neighborhoodṼ ⊂ V so that
where V + := V Ṽ and V − := ∩ u∈Ṽ V u. We may assume without loss of generality that O satisfies
and note that O −1 = O . Fix η > 0. Then there exists 0 < (η) < η such that for all 0 < < (η),
This is possible since the boundary of Ω 1 has measure zero with respect to ν x .
Similarly, we may assume that
We also set U = gV g −1 .
We choose
∈ Ω 2 . We denote by ρ the left invariant Haar measure on B given by: for ψ ∈ C c (B),
Choosing a non-negative function ψ ∈ C c (B) supported on O and with B ψ (b)dρ(b) = 1, we define a function f
which is an integrable function defined on Γ\G.
We set
we simply omit the superscript 0 from the above notation.
Note that
Lemma 3.1. Let C > 1 be taken so that (3.1) holds. For any T > 1 and small η > 0, we have (1)
where Ω 
B O ε , and hence
It follows that
. Similarly, we have
Since Ω
Hence it follows that
Proof. Since ξ = lim t→∞ a −t x, we compute that
For simplicity, we set F Proof. We use the formula form
and hence
We then have
For h ∈ G, definek h ∈ K to be the unique element such that h ∈ B 0kh .
We note thatk
Hence together with Lemma 3.2,
Note that 0 ≤φ + Ω2, ≤ 1 vanishes outside Ω 2 U + and is 1 on Ω 2 . Therefore, using the conformal property of {ν x : x ∈ H n }:
we have
Since kB 0 = (gk
)(gB 0 ) and B 0 stabilizes ξ, we have
Therefore we have
Hence we conclude lim sup m
Similarly we can deduce
On the other hand, it is not hard to deduce from the continuity of
.
Proof of Theorem 1.1.
Since ν x (∂(Ω 1 )) = 0 and any circle with center in Λ(Γ) has measure zero by Lemma 2.5, we may choose V so that ν x (∂(Ω 
is a finite number independent of T , the above proves that
spaces, projection on a closed convex set is uniquely defined and 1-Lipschitz, so the following inequality holds for any γ ∈ Γ, (ξ, η) ∈ G:
Proposition 1. Let K be a compact subset of G, and (x, y) ∈ X 2 . Then there exists C K > 0 and T x,y > 0 such that for any (ξ, η) ∈ G, and any T ≥ T x,y ,
Since Γ is discrete and acts properly on SX, and K×[0, 1] is a compact subset of SX, it follows that f is uniformly bounded by some constant C 0 depending only on K. f (g t Γv)dt, and the right hand side is bounded by 2(T + T x,y )C 0 ≤ 4C 0 T .
2: Second and third steps
Let f be a continuous function on X 2 . Define Let > 0, then since f is uniformly continuous, there exists a neighborhood U of the diagonal in ∂X 2 such that for any (ξ, η) ∈ U and any z ∈ X, |f (ξ, z) − f (η, z)| ≤ . Let K be the complement of U , which is a compact subset of G. So This proves that F (ζ, x, T ) does not depend too much on ζ for large T , so for any ζ, its value is close to the integral with respect to any probability measure. Fix y, it will then be sufficient to prove that the function L(T, x, y) = ∂X F (ζ, x, T ) dν y (ζ) ||ν y || , has limit 1 ||νx||.||νy|| f dν x ν y as T → +∞; indeed, recall [17] that the orbital function satisfies |Γx ∩ B T (y)| ∼ ||ν x ||.||ν y || δ||m BMS Γ || e δT .
Define the map g for any z ∈ Γy and any x ∈ X by:
and extend g when z is in the limit set Λ Γ , to be equal to f (z, x). Then g is continuous on Γy × X. By Tietze-Urysohn's Theorem, g can be extended to a continuous function, still denoted by g, on X 2 , and moreover gdν x dν y = f dν x dν y . Then and by Roblin's Theorem applied to the function g, we conclude that L(T, x, y) has limit 1 ||νx||.||νy|| f dν x dν y as T → +∞, as desired.
